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A
b
stract
W
e
show
that
the
5-dim
ensional
m
odel
introduced
by
R
andall
and
Sundrum
is
a
w
orm
hole,and
that
this
is
a
general
result
in
m
odels
of
the
R
S
type.
W
e
also
present
a
sim
ple
m
odelof
brane-w
orld
cosm
ology
in
w
hich
the
background
is
a
static
anti-de
Sitter
m
anifold,and
the
location
of
the
tw
o
3-branes
is
determ
ined
by
the
technique
of
\surgicalgrafting".
In
recent
years,
high
energy
particle
physics
and
gravity
have
been
recon-
ciled
by
m
eans
of
the
so{called
brane
w
orlds.
[1].
From
the
phenom
enological
perspective
these
w
orlds
provide
an
econom
ic
explanation
of
the
hierarchy
be-
tw
een
the
gravitationaland
electrow
eak
m
ass
scales.
In
particular,it
has
been
suggested
that
the
fundam
ental
P
lank
scale
M

can
be
low
ered
all
the
w
ay
to
T
eV
scale
[2]
by
introducing
extra
dim
ensions
[3].
In
this
fram
ew
ork
the
Stan-
dard
M
odel(SM
)
is
conned
to
a
3-brane
[4]w
hereas
gravity
propagates
freely
through
the
extra
dim
ensions.
In
such
higher{dim
ensionalm
odels
spacetim
e
is
usually
taken
to
be
the
product
of
a
4{dim
ensional
spacetim
e
and
a
com
pact
n-m
anifold.
C
onsequently,
the
observed
P
lank
scale
is
related
to
the
higher
dim
ensional
scale
gravity
M

through
the
relation
M
2pl
=
M
n
+
2

V
n ,
being
V
n
the
volum
e
of
the
com
pact
dim
ensional
space.
U
nfortunately,
the
presence
of
large
extra
dim
ensions
does
not
necessarily
provide
a
satisfactory
resolution
of
the
hierarchy
problem
,
w
hich
reappears
in
the
large
ratio
betw
een
M

and
the
com
pactication
scale
µ
c
=
V
−
1
/
n
n
.
Follow
ing
the
idea
that
SM
elds
m
ay
live
in
a
3-brane,R
andalland
Sundrum
(R
S)
presented
an
alternative
solution
w
ith
the
shape
of
a
gravitational
condenser:
tw
o
branes
of
opposite
tension
(w
hich
gravitationally
repel
each
other)
stabilized
by
a
slab
of
anti-de
Sitter
(A
dS)
space
[5].
In
this
m
odel
the
extra
dim
ension
is
strongly
curved,
and
the
dis-
tance
scales
on
the
brane
w
ith
negative
tension
are
exponentially
sm
aller
than
those
on
the
positive
tension
brane.
T
w
o
dierent
scenarios
m
ight
be
analyzed
w
ith
this
solution.
W
e
could
as-
sum
e
that
our
w
orld
is
the
brane
w
ith
negative
tension,so
as
to
obtain
a
correct
ratio
betw
een
the
P
lank
and
w
eak
scales
w
ithout
the
need
to
introduce
a
large
hierarchy
betw
een
M

and
µ
c
[5].
A
lternatively,
if
the
visible
brane
is
the
one
w
ith
positive
tension,
the
conguration
does
not
solve
the
hierarchy
prob-
lem
.
H
ow
ever,
the
second
brane
can
be
m
oved
to
innity
and
N
ew
ton’s
law
is
correctly
reproduced
on
the
brane{w
orld
in
spite
of
the
non-com
pact
extra
dim
ension
[6].
In
both
cases,
P
oincare
invariance
on
the
3-brane
w
as
assum
ed
[7].
M
uch
of
the
recent
w
ork
in
this
area
has
been
devoted
to
lift
this
restric-
tion,in
order
to
see
under
w
hat
conditions
it
is
possible
to
obtain
the
standard
Friedm
ann-R
obertson-W
alker
cosm
ologicalscenario
on
the
visible
brane
[8].
In
this
B
rief
R
eport
w
e
shall
show
that
the
spacetim
e
obtained
in
[5]
has
the
structure
of
a
w
orm
hole.
W
e
shallalso
show
here
that
any
5-dim
ensionalnon{
factorizable
geom
etry
(i.e.,
one
in
w
hich
the
com
ponents
of
the
m
etric
tensor
depend
on
the
coordinate
of
the
com
pactied
extra
dim
ension)
is
accom
panied
by
unavoidable
violations
of
the
null
energy
condition.
Furtherm
ore,
w
e
shall
see
that
this
is
a
direct
consequence
of
the
fact
that
w
ithin
these
m
odels
the
visible
brane
is
located
at
the
throat
of
the
w
orm
hole.
A
fter
studying
these
re-
lations
betw
een
w
orm
holes
and
the
phenom
enology
of
R
S
spacetim
es,
w
e
w
ork
out
a
new
solution
of
E
instein’s
equation
given
by
tw
o
slices
ofA
dS
spacetim
es
glued
together
at
the
location
of
the
branes
(one
of
w
hich
is
at
the
w
orm
hole’s
throat).
Som
e
features
ofthe
cosm
ology
ofthis
system
s
are
presented.
W
e
close
w
ith
a
discussion.
D
o
w
e
live
in
a
w
orm
hole
throat?
M
orris
and
T
horne
show
ed
[9]
that
the
basic
feature
ofa
w
orm
hole
is
that
the
\flaring-out
condition"
m
ust
be
satised
at
its
throat.
A
throat
is
a
closed
spatialhypersurface
such
that
one
of
the
tw
o
future-directed
null
geodesic
congruences
orthogonal
to
it
is
just
beginning
to
diverge
on
or
near
the
surface.
Stated
m
athem
atically,the
expansion
θ
ofone
of
the
tw
o
orthogonalnull
congruences
vanishes
on
the
surface:
θ
+
=
0
and/or
θ−
=
0,
and
the
rate-of-change
of
the
expansion
along
the
sam
e
null
direction
(u
)
is
positive-sem
i-denite
at
the
surface:
d
θ
/
d
u

0
[10].
B
efore
show
ing
that
the
solution
given
by
R
S
[5]can
be
interpreted
as
a
5{dim
ensionalw
orm
hole
w
ith
its
throat
located
on
the
negative
tension
brane,
w
e
recall
the
set
up
of
the
R
S
m
odel.
L
et
us
start
from
the
5-dim
ensionalaction,
S
=
S
g
ra
v
ity
+
S
v
is
+
S
h
id ,
(1)
w
here
S
g
ra
v
ity
= ∫
d
4x ∫
pi
r
c
0
d
y p
G
f−

+
2
M
3 Rg
,
(2)
S
v
is
= ∫
d
4x p−
g
v
is fL
v
is −
V
v
is g
,
(3)
and
S
h
id
= ∫
d
4x p−
g
h
id fL
h
id −
V
h
id g
.
(4)
H
ere
R
stands
for
the
5-dim
ensional
R
icci
scalar
in
term
s
of
the
m
etric
G
A
B
,
and

is
the
5-dim
ensionalcosm
ologicalconstant.
T
he
coordinate
y
is
the
extra
dim
ension,and
its
range
is
[0
,pi
r
c ],w
here
r
c
is
the
com
pactication
radius.
R
S
w
ork
on
the
space
S
1/Z
2 .
E
qs.(3)
and
(4)
represent
the
action
of
3-branes
located
at
the
orbifold
xed
points
at
y
=
0
,pi
r
c .
From
the
L
agrangians
in
(3)
and
(4)
it
has
been
separated
out
a
constant
vacuum
energy
w
hich
acts
as
a
gravitationalsource
even
in
the
absence
of
particle
excitations.
In
w
hat
follow
s
w
e
shalldrop
theL
term
s
since
they
are
not
relevant
in
determ
ining
the
classical
5-dim
ensionalm
etric
in
the
ground
state.
T
he
E
instein
equation
for
the
above
1
action
reads, 1
p−
G
(R
A
B
−
12
G
A
B
R
)
=
−
1
4
M
3
[ p−
G
G
A
B
+
V
v
is p−
g
v
is
g
v
is
µ
ν
δ
µA
δ
νB
δ(y−
y
0 )
+
V
h
id p−
g
h
id
g
h
id
µ
ν
δ
µA
δ
νB
δ(y)].
(5)
T
he
line
elem
ent
d
s
2
=
e −
2
kjyjη
µ
ν
d
x
µ
d
x
ν
+
d
y
2,
(6)
w
ill
be
a
solution
of
E
q.(5)
provided
that
the
boundary
and
bulk
cosm
ological
term
s
are
related
by
a
single
scale
k,
V
h
id
=
−
V
v
is
=
24
M
3
k
,

=
−
24
M
3
k
2.
(7)
W
e
turn
now
to
the
analysis
of
the
null
geodesic
congruences.
W
e
recall
that
in
any
static
5-dim
ensional
spacetim
e
every
focusing
(defocusing)
of
null
geodesic
congruences
starts
at
a
closed
3-dim
ensionalhypersurface
of
m
axim
al
(m
inim
al)
area
that,
w
ithout
loss
of
generality,
can
be
located
w
ithin
a
single
constant-tim
e
spatialslice
[11].
T
o
describe
the
behavior
ofthe
brane-w
orlds,w
e
conveniently
adopt
a
G
aussian
norm
alcoordinate
system
in
the
neighborhood
of
each
brane.
W
e
shalldenote
the
3-dim
ensionalhypersurface
sw
ept
out
by
each
brane
by

.
L
et
us
introduce
a
coordinate
system
x
a?
on

.
N
ext
w
e
consider
all
the
geodesics
w
hich
are
orthogonalto

,and
choose
a
neighborhood
N
around

so
that
any
point
p2
N
lies
on
one,
and
only
one,
geodesic.
T
he
rst
three
coordinates
of
p
are
determ
ined
by
the
intersection
of
this
geodesic
w
ith

.
T
he
full
set
of
spatial
coordinates
is
then
given
by
x
i
=
(x
a?
;`),
w
herein
the
hypersurfaces

under
consideration
are
taken
to
be
at
`
=
0
so
that,
(4
)g
ij d
x
id
x
j
=
(3
)g
a
b d
x
ad
x
b
+
d
`
2.
(8)
T
he
extrinsic
curvature
of
each
3-surface
is
dened
by
K
a
b
=
12
∂
g
a
b
∂
`
.
(9)
1
C
a
p
ita
l
L
a
tin
in
d
ices
ru
n
fro
m
0
to
4
a
n
d
refer
to
th
e
en
tire
5
-d
im
en
sio
n
a
l
sp
a
cetim
e,
G
reek
in
d
ices
ru
n
fro
m
0
to
3
a
n
d
refer
to
th
e
b
ra
n
e
su
b
-sp
a
cetim
e;
L
a
tin
in
d
ices
fro
m
th
e
m
id
d
le
o
f
th
e
a
lp
h
a
b
et
(i,j,k
,...)
ru
n
fro
m
1
to
4
a
n
d
refer
to
co
n
sta
n
t
t
slices;
L
a
tin
in
d
ices
fro
m
th
e
b
eg
in
n
in
g
o
f
th
e
a
lp
h
a
b
et
(a
,b,c,...)
w
ill
ru
n
fro
m
1
to
3
a
n
d
w
ill
b
e
u
sed
to
refer
to
th
e
3
-b
ra
n
e.
A
s
u
su
a
l,
η
µ
ν
sta
n
d
s
fo
r
th
e
fo
u
r
d
im
en
sio
n
a
l
M
in
k
ow
sk
i
sp
a
cetim
e.
Ifw
e
com
pute
the
variation
in
the
area
of
obtained
by
pushing
the
surface
at
`
=
0
out
to
`
=
δ`(x)
w
e
get
δA
(
)
= ∫√
(3
)g
tr(K
)
δ`(x)
d
3x
.
(10)
Since
this
expression
m
ust
vanish
for
arbitrary
δ`(x),the
condition
for
the
area
to
be
extrem
al
is
sim
ply
tr(K
)
=
0.
In
the
case
of
the
R
S
m
odel
described
by
E
q.(6)
the
extrinsic
curvature
is
given
by
K
a
b
=
−
k
sg(y)
e −
2
kjyjη
a
b
(11)
Straightforw
ard
calculations
show
that
the
3-sections
located
at
y
=
0
and
y
=

pi
r
c
are
extrem
al.
For
the
area
to
be
m
inim
al
the
additional
constraint
δ
2A
(
)
0
is
required.
E
quivalently,
∂
tr(K
)
∂
`

0
.
(12)
For
the
R
S
spacetim
e
w
e
get
∂tr(K
)
∂
y
=
−
3
k
δ(y),
(13)
then
it
is
easily
seen
that
the
brane
located
at
y
=
0
represents
a
hypersurface
of
m
axim
alarea.
T
he
3-surface
at
y
=

pi
r
c
is
instead
a
hypersurface
of
m
inim
al
area,i.e.
a
w
orm
hole
throat.
It
can
be
show
n
that
any
extension
ofthe
standard
4-dim
ensionalw
orld
using
a
com
pactied
non{factorizable
dim
ension
w
illposses
hypersurfaces
ofm
axim
al
and
m
inim
al
area.
T
his
assertion
follow
s
from
the
fact
that
the
area
of
the
3-
branes
depends
only
on
the
extra
coordinate.
T
hen,
as
a
function
of
the
extra
coordinate
it
m
ust
have
an
absolute
m
axim
um
and
an
absolute
m
inim
um
in
the
nite
closed
interval,
and
so
forth
m
ust
violate
the
null
energy
condition.
C
learly,this
is
not
the
case
w
ith
an
innite
extra
dim
ension
[12].
P
utting
allthese
together,the
huge
hierarchy
betw
een
the
gravitationaland
w
eak
scales
seem
s
to
be
the
result
of
the
change
of
the
scales
throughout
the
nullgeodesic
congruence
of
a
com
pactied
dim
ension.
T
he
cosm
ological
solution.
W
e
shall
now
construct
a
solution
of
E
q.(5)
by
connecting
\incom
plete"
A
dS
spaces
according
to
the
technique
introduced
by
V
isser
[13],
w
e
shall
take
tw
o
copies
of
5-dim
ensionalA
dS
spacetim
es
and
join
2
them
w
ith
the
junction
condition
form
alism
[14].
N
am
ely,rst
rem
ove
from
each
A
dS
spacetim
e
identicalregions
of
the
form
R

Ω
,w
here
Ω
is
a
4-dim
ensional
com
pact
spacelike
hypersurface
and
R
is
a
tim
elike
straight
line.
Identify
now
these
tw
o
incom
plete
spacetim
es
along
the
tim
elike
boundariesR

∂Ω
.
T
he
resulting
spacetim
e
M
is
geodesically
com
plete
and
posses
tw
o
A
dS
asym
p-
totic
regions
connected
by
a
w
orm
hole.
T
he
throat
of
the
w
orm
hole
is
just
the
junction
∂Ω
at
w
hich
the
tw
o
originalA
dS
spacetim
es
are
identied.
For
deniteness,
the
coordinates
on
∂Ω
can
be
taken
to
be
the
angular
vari-
ables
(χ
,
θ,
φ)
w
hich
are
alw
ays
w
ell
dened,
up
to
an
overall
rotation,
for
a
spherically
sym
m
etric
conguration.
W
e
shallrefer
again
to
a
G
aussian
norm
al
coordinate
system
in
the
neighborhood
of
the
throat,
d
s
2
=
−
(1−
λ
r
2)
d
t
2
+
d
y
2
+
r
2
dΩ
23 ,
(14)
w
here
d
r
d
y
= √
1−
λ
r
2,
(15)
λ
=

/24
M
3 ,
r
and
t
denote
the
values
of
the
corresponding
A
dS
coordinates,
and
dΩ
23
stands
for
the
line
elem
ent
of
the
three
sphere.
A
ssociating
positive
values
of
G
A
B
to
one
side
ofthe
throat
and
negative
val-
ues
to
the
other
side,w
ithout
loss
of
generality
the
m
etric
in
the
neighborhood
of
the
brane
can
be
w
ritten
as,
G
A
B
=

(y−
y
0 )
G
+A
B
+

(−
y
+
y
0 )
G
−A
B
.
(16)
A
t
the
boundary
of
the
tw
o
regions,
the
energy
m
om
entum
tensor
can
be
ex-
pressed
in
term
s
of
the
jum
p
of
the
extrinsic
curvatureK
AB
=
K
A
+
B
−
K
A
−
B
,
K
A
B
=
12
∂
G
A
B
∂
y ∣∣∣∣y
=
y ±0
=
12
∂
G
A
B
∂
y
.
(17)
A
t
this
stage,it
is
convenient
to
introduce
the
coordinate
w
hich
denotes
the
proper
tim
e
as
m
easured
along
the
surface
of
the
w
orm
hole
throat
τ.
T
hen,
for
the
dynam
ic
case,
the
geom
etry
is
uniquely
specied
by
a
single
degree
of
freedom
,
the
radius
of
the
throat
a(τ).
A
cross
the
boundary,
the
jum
ps
of
the
extrinsic
curvature
are
given
by
[15](dots
indicate
derivative
w
ith
respect
to
τ)
K
ττ
=
2
(a¨−
λ
a)
p
1−
λ
a
2
+
_a
2
,
(18)
and
K
χχ
=
K
θθ
=
K
φφ
=
2a √
1−
λ
a
2
+
_a
2.
(19)
R
eplacing
in
E
q.(5)
w
e
obtain,
V
v
is
g
v
is
µ
ν
δ
µA
δ
νB
=
4
M
3 [K
A
B
−
tr(K
)
g
v
is
µ
ν
δ
µA
δ
νB
],
(20)
or
equivalently,
V
v
is
=
−
24
M
3
p
1−
λ
a
2
+
_a
2
a
,
(21)
V
v
is
=
−
8
M
3
2−
3
λ
a
2
+
2
_a
2
+
a¨
a
a p
1−
λ
a
2
+
_a
2
.
(22)
N
ow
,
E
q.(5)
together
w
ith
the
covariant
conservation
of
the
stress
energy
determ
ine
the
classicaldynam
ics
of
the
system
[16],
_a
2− [

24
M
3
+ (
V
v
is
24
M
3 )
2 ]
a
2
=
−
1
.
(23)
A
fter
integration
w
e
get,
a
=
a
0
coshf
a −
1
0
τg
,
(24)
w
here
a
0
=
(λ
+
(V
v
is /24
M
3 )
2) −
1
/
2
is
the
m
inim
um
radius
of
the
brane.
C
on-
trary
to
w
hat
happens
in
the
R
S
m
odel,
if
λ
<
0
and
jλj
(V
2vis /24
M
3 ),
a
has
no
realsolution.
H
ow
ever,if
either
λ
>
0,or
λ
<
0
and
jλj
<
(V
2vis /24
M
3 ),
the
w
orm
hole
does
not
collapse
but
it
is
bounded
by
a
m
inim
um
size
a
0
[17].
T
he
expression
for
the
H
ubble
constant
in
this
solution
is
H
2
=
−
1a 2
+

24
M
3
+ (
V
v
is
24
M
3 )
2
.
(25)
Its
behavior
is
sim
ilar
to
the
one
obtained
for
the
R
S
m
odels,
i.e.,
H
/
V
v
is
rather
than
V
1
/
2
v
is
as
in
conventional
cosm
ology.
H
ow
ever,
as
the
w
orld
ap-
proaches
to
the
m
inim
um
size
the
expansion
tends
to
zero.
Furtherm
ore,unlike
the
standard
spherical
R
obertson-W
alker
case
this
w
orld
experience
an
ever-
lasting
expansion.
T
o
nd
out
the
behavior
of
the
surface
of
m
axim
al
area
one
m
ust
redene
the
jum
p
in
the
extrinsic
curvatureK
AB
=
K
A
−
B
−
K
A
+
B
,and
afterw
ards
repeat
m
utatis
m
utandis
the
entire
com
putation.
It
is
easily
seen
that
except
for
the
sign
ofthe
vacuum
energy
w
hich
results
flipped
(V
h
id
>
0),one
can
just
replace
the
sub-index
vis
by
hid
in
every
expression.
T
he
expansion
rate
of
the
hidden
brane
is
then
given
by,(_bb )
2
=
−
1b 2
+

24
M
3
+ (
V
h
id
24
M
3 )
2
,
(26)
3
w
here
b
is
the
radius
of
the
hidden
brane. 2
D
iscussion.
L
et
us
suggest
a
possible
w
ay
to
understand
the
hierarchy
prob-
lem
in
the
scenario
presented
here.
T
o
preserve
the
stability
of
the
system
,
w
e
need
to
im
pose
a
constraint
on
the
relation
betw
een
δa
and
δb,
the
incre-
m
ents
in
the
visible
and
hidden
radiiduring
an
intervalof
tim
e
as
m
easured
by
synchronized
clocks
on
each
brane.
If
this
constraint
is
given,
the
strategy
for
solving
the
hierarchy
problem
is
as
follow
s.
F
irst
one
has
to
select
δa
and
δb
so
as
to
obtain
the
correct
relation
betw
een
the
m
ass
scales,
then
E
q.(15)
w
ill
x
λ
to
obtain
that
hierarchy.
T
he
value
ofthe
present
H
ubble
param
eter
together
w
ith
E
q.
(25)
set
V
v
is .
F
inally,
from
E
q.
(26)
one
can
determ
ine
the
value
of
V
h
id .
O
ur
solution
can
be
regarded
as
a
5-dim
ensional
spacetim
e
(w
ith
tw
o
brane
w
orlds
located
at
xed
coordinates
in
the
internal
dim
ension)
propagating
through
a
static
A
dS
background
m
anifold.
A
m
ore
generalcase
w
ould
be
given
by
lifting
the
static
restriction
on
the
background.
T
his
m
ay
have
som
e
im
por-
tant
consequences.
C
onsider
for
instance
an
expanding
3-dim
ensionalspacelike
hypersurface
em
bedded
in
a
4+
1-dim
ensionalspacetim
e.
A
t
each
point
on
the
hypersurface
there
are
tw
o
null
vectors
orthogonal
to
the
hypersurface,
and
associated
to
these
tw
o
null
vectors
there
exist
tw
o
null
geodesic
congruences
that
are
w
ell
dened
on
an
open
neighborhood
of
the
hypersurface.
W
hile
the
surface
propagates
along
the
null
geodesic
congruence
of
the
extra
dim
ension
the
m
ass
scale
changes.
H
ence,
if
the
speed
of
the
surface
(along
the
internal
dim
ension)
is
com
parable
to
its
expansion
rate,the
signals
that
travelinto
the
w
orld
m
ay
display
an
additional
redshift
or
blueshift.
In
the
form
er
case
the
observers
on
the
brane
w
ould
interpret
its
m
otion
as
an
inflationary
scenario.
W
e
have
proved
above
that
the
geom
etrical
structure
of
the
m
anifold
given
by
R
S
is
a
w
orm
hole.
W
e
also
show
ed
that
this
is
true
in
m
ore
general
non{
factorizable
geom
etries.
N
ow
,
the
dependence
of
the
extrinsic
curvature
of
the
R
S
solution
w
ith
the
extra
coordinate,
given
by
E
q.(11),
coincides
w
ith
that
of
the
w
arp
factor
in
the
R
S
m
etric.
In
turn,
this
factor
is
responsible
for
the
renorm
alization
ofthe
m
ass
that
solves
the
hierarchy
problem
in
the
R
S
m
odel.
T
his
coincidence
m
ay
be
suggesting
a
relation
betw
een
the
extrinsic
curvature
and
the
change
in
the
m
ass
scale.
W
e
w
illpursue
this
line
ofresearch
som
ew
here
else.2L
et
u
s
m
en
tio
n
th
a
t
th
e
d
y
n
a
m
ics
o
f
a
d
o
m
a
in
w
a
ll
in
th
e
R
S
-A
d
S
5
b
u
lk
w
a
s
a
n
a
ly
zed
in
(K
ra
u
s
R
ef.
[8
]).
W
ith
th
e
h
elp
o
f
th
e
sa
m
e
fo
rm
a
lism
th
e
a
u
th
o
r
fo
u
n
d
a
ra
th
er
sim
ila
r
so
lu
tio
n
w
h
ere
th
e
b
u
lk
co
sm
o
lo
g
ica
l
co
n
sta
n
t
is
n
o
t
ex
a
ctly
ca
n
celled
b
y
th
e
o
n
e
o
n
th
e
b
ra
n
e.
A
ck
n
o
w
le
d
g
m
e
n
ts
W
e
have
beneted
from
discussions
w
ith
C
arlos
N
u~nez,P
er
K
raus,Y
ogiSrivas-
tava,and
John
Sw
ain.
T
his
w
ork
w
as
partially
supported
by
C
O
N
IC
E
T
.
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